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Abstract
The orbital magnetic moment is usually associated with the relativistic spin-orbit interaction,
but recently it has been shown that noncollinear magnetic structures can also be its driving force.
This is important not only for magnetic skyrmions, but also for other noncollinear structures,
either bulk-like or at the nanoscale, with consequences regarding their experimental detection. In
this work we present a minimal model that contains the effects of both the relativistic spin-orbit
interaction and of magnetic noncollinearity on the orbital magnetism. A hierarchy of models is
discussed in a step-by-step fashion, highlighting the role of time-reversal symmetry breaking for
translational and spin and orbital angular motions. Couplings of spin-orbit and orbit-orbit type
are identified as arising from the magnetic noncollinearity. We recover the atomic contribution
to the orbital magnetic moment, and a nonlocal one due to the presence of circulating bound
currents, exploring different balances between the kinetic energy, the spin exchange interaction,
and the relativistic spin-orbit interaction. The connection to the scalar spin chirality is examined.
The orbital magnetism driven by magnetic noncollinearity is mostly unexplored, and the presented
model contributes to laying its groundwork.
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I. INTRODUCTION
Magnetic skyrmions1 are a kind of topological twist in a ferromagnetic structure, with
unusual properties.2 They have been found in bulk samples and in thin films, also at room
temperature3–9. When electrons travel throught the noncollinear magnetic structure of the
skyrmion, they experience emergent electromagnetic fields.10–12 This strong coupling between
the electronic and magnetic degrees of freedom leads to very efficient motion of skyrmions
with electric currents.13 It also generates a topological contribution to the Hall effect, a
transport signature of a skyrmion-hosting sample,14,15 and was shown to enable the electrical
detection of an isolated skyrmion.16,17 The link between the magnetic structure and orbital
electronic properties was explored for other kinds of magnetic systems before,18–23 with
renewed interest since the experimental discovery of skyrmions.24–30
Inspired by the investigations of nanosized skyrmions in the PdFe/Ir(111) system,31,32
we uncovered another manifestation of their topological nature: a new kind of orbital mag-
netism. In Ref. 27, magnetic trimers and skyrmion lattices were compared, and the orbital
magnetic moment was shown to have two contributions: a spin-orbit-driven one and a scalar-
chirality-driven one. The minimum number of magnetic atoms needed for a non-vanishing
scalar chirality is three, n1 · (n2 × n3) 6= 0, with ni the orientation of their respective spin
magnetic moments. This means that the magnetic structure is noncoplanar, a requirement
for the appearance of this new kind of orbital magnetism. Magnetic trimers were analyzed in
detail within density functional theory (DFT), before considering a skyrmion lattice meant
to mimic PdFe/Ir(111). Although some calculations were feasible with DFT, to address
larger skyrmion sizes a minimal tight-binding model was constructed from the DFT data.
This model reproduced both contributions to the local orbital moment, and showed that
the sum of all scalar-chirality-driven contributions leads to a topological orbital magnetic
moment for a skyrmion lattice. The goal of the present paper is to get more insight into the
physical mechanisms driving the orbital magnetism of systems in which both the relativistic
spin-orbit interaction (RSOI) and a noncollinear magnetic structure coexist. To this end, we
reprise our tight-binding model of Ref. 27 but now applied to magnetic trimers, and present
a walkthrough of the different sources of orbital magnetism in this model.
In classical physics, the orbital magnetic moment arises from the presence of bound
currents in a given material. This is a consequence of the continuity equation for the
electronic charge density in equilibrium:
0 =
∂ρ
∂t
= −∇ · j =⇒ j(r) = ∇×m(r) . (1)
From the quantum-mechanical point of view, if the ground state supports such a finite
bound current, time-reversal symmetry must be broken. Magnetic materials naturally break
time-reversal symmetry, due to the existence of ordered spin magnetic moments stabilized
by exchange interactions. As long as correlation effects are only moderately important, the
orbital magnetic moment is usually assumed to be due to the RSOI, which can be introduced
either in atomic or in Rashba-like form,33
HSOI ∝ L · σ or (E× p) · σ . (2)
Here L = r × p is the atomic orbital angular momentum operator, σ the vector of Pauli
matrices, E the electric field and p = −i ~∇ the linear momentum operator. For an atom
both forms are equivalent. It is the coupling between the finite spin moment in a magnetic
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material and the orbital degrees of freedom depending on p or L that leads to the finite
orbital moment.34
Recently another way of coupling spin and orbital degrees of freedom has been identified
and explored.10,12 Consider the non-interacting electron hamiltonian consisting of a kinetic
term and a spin exchange coupling to an underlying magnetic structure:
H = p
2
2m
σ0 + J m(r) · σ . (3)
Here σ0 is the unit spin matrix and J is the strength of the exchange coupling. The magne-
tization field is m(r) = m(r) n(r), with its spatially varying magnitude m(r) and direction
n(r). For collinear magnetic systems, such as ferromagnets or simple antiferromagnets,
m(r) = m(r) nz, where nz is the direction of the ferromagnetic or staggered magnetization,
respectively (accordingly, we allow m(r) to be negative). Then the eigenstates of the system
can be labelled with the usual ‘up’ and ‘down’ eigenspinors of σz, and we get two decoupled
hamiltonians, one for spin-up and another for spin-down. In this way the magnetic order
decouples from the orbital degrees of freedom, if the RSOI is not considered.
If a common spin quantization axis cannot be chosen, i.e. the system has a noncollinear
magnetic structure, such a coupling is indeed present. To see how this arises, consider the
unitary transformation that at every point in space diagonalizes the exchange term,
U †(r) m(r) · σ U(r) = m(r)σz =⇒ U(r) = eiw(r)·σ . (4)
The vector w(r) describes the spin rotation in the axis-angle representation, but its explicit
form is not required for the present argument, only the fact that it must have a spatial
dependence for a noncollinear magnetic structure. If this unitary transformation is applied
to the whole hamiltonian, it effects a SU(2) gauge transformation35–37 with the result
H′ = U †HU = Π
2
2m
+ J m(r)σz , Πµ = pµ σ0 +
∑
ν
(~ ∂µwν)σν = pµ σ0 +
∑
ν
Aµν σν .
(5)
The kinetic momentum Πµ consists of the canonical momentum pµ and a vector potential Aµν
that couples to the spin, with µ, ν = x, y, z. The kinetic energy now has four contributions:∑
µ
Π2µ =
∑
µ
p2µ σ0 + 2
∑
µν
Aµν(r) pµ σν − i ~
∑
µν
(∂µAµν(r))σν +
∑
µν
(
Aµν(r)
)2
σ0 . (6)
The first term is the usual spin-independent contribution, the second term is a spin-orbit
interaction (coupling spin to linear momentum), the third is a Zeeman-like contribution, and
the fourth is a spin-independent potential-like contribution. We thus see that noncollinear
magnetic structures lead to emergent fields that couple the spin and orbital degrees of
freedom. This line of reasoning has been very successful in explaining the emergent electro-
dynamics of slowly-varying magnetic textures.2,12
When both kinds of spin-orbit interaction are at play, the one of relativistic origin and
the one arising from a noncollinear magnetic structure, they compete with each other, and
a unified picture can only be given for special limiting cases. First-principles electronic
structure calculations provide both qualitative and quantitative insights. Here we adopt the
tight-binding model of Ref. 27 to analyze the smallest system for which both contributions
to the orbital moment are present: a magnetic trimer.
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This paper is organized as follows. Section II introduces the model and its ingredients,
and then a step-by-step construction of the eigenstates with broken time-reversal symmetry
is provided. First, in Sec. III we explore how a magnetic field breaks the translational
symmetry of the trimer. Then we show in Sec. IV how a noncollinear magnetic structure
produces orbital effects analogous to those of an external magnetic field. Finally, we combine
noncollinear magnetism and the atomic spin-orbit interaction in Sec. V, drawing parallels
between the relativistic and the noncollinear sources of orbital magnetism. We discuss our
results and present our conclusions in Sec. VI.
II. TIGHT-BINDING MODEL FOR NONCOLLINEAR MAGNETIC STRUC-
TURES
In Ref. 27 the following minimal tight-binding model was introducted, to describe two
magnetic d-bands experiencing the effects of the relativistic spin-orbit interaction and of a
noncollinear magnetic structure:
H = Hkin +Hmag +Hsoi . (7)
The kinetic energy is given by
Hkin =
∑
i,j 6=i
∑
mm′s
c†ims tim,jm′ cjm′s . (8)
Here c†ims creates an electron on atomic site i and on the d-orbital labelled m, with spin
projection s. The detailed form of the hopping matrices tim,jm′ is presented later.
The coupling to a background magnetic structure is described by
Hmag = J
∑
i
∑
mss′
c†ims ni · σss′ cims′ , (9)
with J the strength of the coupling, and ni the unit vector describing the direction of
the background magnetic structure on every atomic site. We see that Hkin + Hmag is the
tight-binding equivalent of the model of Eq. 3 that was discussed in the introduction.
The RSOI is considered in atomic form,
Hsoi = ξ
∑
i
∑
mss′
c†ims Lmm′ · σss′ cims′ , (10)
with ξ its coupling strength and Lmm′ the matrix elements of the atomic orbital angular
momentum operator for the two d-orbitals in the model.
Time reversal symmetry is usually described by the antiunitary operator T = iσy K.38
Here K takes the complex conjugate of the spinor wavefunction it is applied to, while iσy en-
sures that the spin is also reversed. The hamiltonian is time-reversal invariant if it commutes
with it, [T ,H] = 0. The action of T is illustrated in the following example:
Ψk↑(r) = eik·r
(
1
0
)
=⇒ T Ψk↑(r) = e−ik·r
(
0 1
−1 0
)(
1
0
)
= −e−ik·r
(
0
1
)
= −Ψ−k↓(r) .
(11)
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It is more helpful to think of T as reversing the state of motion. We could then write
this operator as T = TP TS, where TP reverses the orbital part of the motion (k ⇒ −k
in the example) and TS reverses the spin angular momentum (↑ ⇒ ↓ in the example).39
Hamiltonians describing magnetic systems are typically not time-reversal invariant, either
due to the presence of external magnetic fields or to the exchange interactions that stabilize
the magnetic ground state. Whether they might still be invariant under reversal of the orbital
motion, TP, is only clear in the momentum representation, as it amounts to H(−p,σ) =
H(p,σ). An alternative is to choose basis functions that are not invariant under either TP
or TS, as shown by the combination of a plane-wave with a spinor in the example.39 This is
the strategy that will be employed in the following.
III. THE TRIMER WITH SIMPLE HOPPING
Consider three identical atomic sites forming an equilateral triangle with sides taken as
the unit of length, a = 1, as shown in Fig. 1(a). To uncover the role of the electronic motion
around the trimer, we first consider a simplified model with one orbital per site and no spin
dependence. Let |i〉 be a basis state for one electron being on atom i. In this basis, the
hamiltonian is given by
Hkin |1〉 |2〉 |3〉
〈1| 0 t¯ t
〈2| t 0 t¯
〈3| t¯ t 0
=⇒ Hkin = tR0 + t¯R†0 . (12)
t = |t| eiα is the hopping amplitude for counterclockwise hops around the triangle, and
its complex conjugate t¯ is the one for clockwise hops. The complex hopping breaks the
symmetry of translational motion, and could be due to the presence of a magnetic flux
threading the triangle.
The operator R0 generates the counterclockwise hops,
R0 =
0 0 11 0 0
0 1 0
 , R0 |i〉 = |i+1〉 , R†0 = R−10 , R†0 |i〉 = |i−1〉 , (13)
cos! = 1/2 N (cos! = 0) cos! = –1/2F   (cos! = 1)" F   (cos! = –1)#
(a) (b)
1 2
3
x
y
FIG. 1. The magnetic trimer. (a) Atomic structure and choice of coordinate axes, with golden
spheres representing the atomic sites. (b) Some magnetic structures described by Eq. (23), with
the choice of angles discussed in the text. The red arrows the local orientation of the magnetic
structure. The structures with cos θ = ±1 are ferromagnetic, cos θ = 0 is the antiferromagnetic
Ne´el structure, and the others are noncollinear structures.
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and its spectral representation is
R0 =
∑
k
e−i
2pik
3 |k〉〈k| , |k〉 = 1√
3
(
|1〉+ ei 2pik3 |2〉+ e−i 2pik3 |3〉
)
, k ∈ {0,±1} .
(14)
Note that these basis states are not invariant under reversal of the translational motion,
T |k〉 = TP |k〉 = |−k〉, as the clockwise motion is the time-reversed form of the counter-
clockwise motion. The state k = 0 corresponds to no overall translational motion, so it
equals itself under TP.
The hamiltonian commutes with R0, so from Hkin |k〉 = Ek |k〉 we find the eigenenergies
Ek = 2 |t| cos
(
2pik
3
− α
)
. (15)
As this model is equivalent to a linear chain of three atoms with periodic boundary condi-
tions, we shall call k the ring momentum, which characterizes the translational motion of
each eigenstate. We can also define momentum raising and lowering operators, which will
be very useful in the following sections:
R± =
1 0 00 e±i 2pi3 0
0 0 e∓i
2pi
3
 , R± |k〉 = |k±1〉 , (R±)3 |k〉 = |k〉 . (16)
The last equality is due to the periodicity of the phase, k ± 3 = k.
A uniform magnetic field perpendicular to the plane of the trimer is a simple example
of broken time-reversal symmetry. In the symmetric gauge, with the origin at the center of
the triangle, the vector potential is given by
A(r) = −B
2
r× nz . (17)
The Peierls substitution40–42 provides the phase acquired by an electron hopping from site
j to site i:
αij =
2pi
Φ0
∫ ri
rj
dr ·A(r) = χij 2pi
Φ0
S
3
B = χij
2pi
3
ΦB
Φ0
= χij α =⇒ tij = |t| eiχijα , (18)
with the path integral evaluated on the straight line connecting the sites. S =
√
3 a2/4 ∼
0.1 nm2 is the area of the triangle, for typical bond lengths. The sign of the result is χij = 1
if i is a neighbor of j in the counterclockwise sense, and χij = −1 for the clockwise sense.
Φ0 = h/e ≈ 4 × 103 T nm2 is the magnetic flux quantum, and ΦB the actual magnetic flux
threading the triangle. Due to the magnetic field, hopping in a clockwise sense is no longer
equivalent to hopping in a counterclockwise sense, and this leads to E−k 6= Ek, as already
derived above.
As α is proportional to the magnetic field B, we define the orbital magnetic moment
operator as
M = −∂H
∂α
= −i |t|
(
eiαR0 − e−iαR†0
)
. (19)
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(a) (b)
-1 0 1
ΦB / Φ0
-2
0
2
E k
E+
E0
E−
-1 0 1
ΦB / Φ0
-2
0
2
M
k M+M0
M−
FIG. 2. Properties of the trimer model with one orbital per site and no spin dependence, Eq. (12),
as a function of the relative magnetic flux. Here |t| = 1. (a) Eigenenergies, Eq. (15). (b) Orbital
magnetic moment of each eigenstate, Eq. (20). The dotted lines indicate the values ±√3, the
orbital moment for k = ∓1 when B = 0.
It represents the net current flowing around the triangle, and can be evaluated for each
eigenstate using the eigenfunctions given in Eq. (14),
Mk = −2 |t| sin
(
2pik
3
− α
)
= −∂Ek
∂α
. (20)
The last equality is a nice illustration of the Hellmann-Feynman theorem.43,44 The following
properties will be useful to simplify certain matrix elements appearing in the next sections:
Ek−1 + Ek = −Ek+1 , Mk−1 +Mk = −Mk+1 , (21a)
Ek−1 − Ek =
√
3Mk+1 , Mk−1 −Mk = −
√
3Ek+1 . (21b)
The eigenvalues and the corresponding orbital moments are plotted in Fig. 2, as a function
of the relative magnetic flux. Both quantities are simple periodic functions of the magnetic
flux. Whenever two eigenstates are degenerate in energy, see Fig. 2(a), their orbital moments
are equal in magnitude and opposite in sign, cancelling each other, while the third eigenstate
(which is non-degenerate) has zero orbital moment, as seen in Fig. 2(b). Thus, for an
arbitrary electron filling in thermal equilibrium (0 < Ne < 3), a finite net orbital moment
requires lifting of the energy degeneracy.
For nanosized trimers and for realistic laboratory magnetic fields, ΦB/Φ0  1, so the
previous discussion might seem fanciful. However, once spin exchange to a noncollinear
magnetic structure is considered, such seemingly unrealistic effective magnetic fields do
emerge. We analyze this case in the next section.
IV. NONCOLLINEAR MAGNETISM
We now extend the model from the previous section by including the spin exchange
coupling,
H = Hkin +Hmag =
∑
i,j 6=i
∑
s
c†is tij cjs + J
∑
i
∑
ss′
c†is ni · σss′ cis′ , (22)
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with s = ±1 the spin projection on an arbitrary quantization axis. We refer to spin-up and
spin-down by the associations ↑ = +1 and ↓ = −1. In tandem with the orbital impact of
the magnetic field, accounted for by the complex hopping parameters tij, the standard spin
Zeeman coupling will also be considered.
The atomic structure is invariant under 2pi/3 rotations in real space around the central
axis of symmetry of the triangle. We similarly require the atomic plus magnetic structure
to be invariant under the combination of a spatial rotation and a spin rotation, both by
an angle of 2pi/3, around the respective rotation axes. The local direction of the magnetic
structure is thus chosen to be
ni = sin θ (cosϕi nx + sinϕi ny) + cos θ nz , (23)
in spherical coordinates with respect to the spin quantization axis nz, and the azimuthal
angles are ϕ1 = 0, ϕ2 = 2pi/3, and ϕ3 = −2pi/3, see Fig. 1(b). We single out the following
magnetic structures: ferromagnetic pointing along +z (F↑); planar triangular Ne´el structure
(N); and ferromagnetic pointing along −z (F↓). For these magnetic structures the scalar
spin chirality takes the form
n1 · (n2 × n3) = 3
√
3
2
sin2 θ cos θ =
3
√
3
2
C(θ) . (24)
This quantity is expected to play an important role as a driver of orbital magnetism.18–23,25,27
We take as basis states the tensor product of the ring states from Eq. (14) with the
spin-up and spin-down eigenstates of σz:
|k s〉 = 1√
3
(
|1s〉+ ei 2pik3 |2s〉+ e−i 2pik3 |3s〉
)
. (25)
The basis states are not invariant under either reversal of translational motion, TP |k s〉 =
|−k s〉, or of spin angular motion, TS |k s〉 = −s |k−s〉. Defining J⊥ = J sin θ and Jz =
J cos θ, the spin exchange coupling is then expressed in this basis as
Hmag = J
∑
i
ni · σ = J⊥
(R− σ+ +R+ σ−)+ Jz σz , (26)
with the spin raising and lowering operators σ± = (σx ± iσy)/2, and the ring momentum
raising and lowering operators defined in Eq. (16). Eq. (26) shows that the spin-flip part
of the magnetic coupling exchanges spin angular momentum with ring momentum. When
the spin on every site is decreased (σ−), the ring momentum k increases by one unit (R+),
and vice-versa. This is the spin-orbit interaction driven by the noncollinear structure, in the
present model.
The basis states couple pairwise, forming the hamiltonian blocks: Ha pairs |−1 ↑〉 with
|0 ↓〉; Hb pairs |0 ↑〉 with |+1 ↓〉; andHc pairs |+1 ↑〉 pairs with |−1 ↓〉. Their matrix elements
are
Hξ |k−1 ↑〉 |k ↓〉
〈k−1 ↑| Ek−1 + Jz +B J⊥
〈k ↓| J⊥ Ek − Jz −B
, ξ ∈ {a, b, c} , (27)
where Ek are the eigenenergies defined in Eq. (15), and the spin Zeeman coupling to the
external magnetic field was included, B σz. Each block has then the eigenenergies (see
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Appendix A and Eq. (21))
Eξ = −Ek+1
2
±
√
3
4
(
Mk+1
)2
+
√
3
(
Jz +B
)
Mk+1 +
(
Jz +B
)2
+ J2⊥ . (28)
For α = B = 0 and introducing x = 3|t|
2J
, this yields
Ea± =
|t|
2
±J
√
1− 2x cos θ + x2 , Eb± = |t|
2
±J
√
1 + 2 x cos θ + x2 , Ec± = −|t|±J .
(29)
The competition between kinetic and magnetic energies is encoded in the parameter x.
The magnetic moment associated with each of the eigenstates can be calculated directly
from the eigenenergies. It has two contributions (treating B and α as independent):
Mξ =
∂Eξ
∂B
− ∂Eξ
∂α
= MSξ +MPξ . (30)
MSξ is the spin magnetic moment, arising from the Zeeman interaction, and signals the
broken symmetry under reversal of spin angular momentum (TS). MPξ arises from the
broken symmetry under reversal of the translational motion (TP), due to the currents flowing
around the trimer. This is the orbital magnetic moment already encountered in the previous
section.
For α = B = 0 we find the spin moments:
MSa± = ± cos θ − x√
1− 2x cos θ + x2 ≈
 ±
(
cos θ − x sin2 θ − 3x2
2
C(θ)
)
, x 1
± (−1 + 1
2x2
sin2 θ + 1
x3
C(θ)
)
, x 1
, (31a)
MSb± = ± cos θ + x√
1 + 2 x cos θ + x2
≈
 ±
(
cos θ + x sin2 θ − 3x2
2
C(θ)
)
, x 1
± (+1− 1
2x2
sin2 θ + 1
x3
C(θ)
)
, x 1
, (31b)
MSc± = ± cos θ . (31c)
MS tells us about the spin character of an eigenstate. A positive sign indicates ↑, a neg-
ative one ↓, and if it vanishes it has an equal amount of each character. The adiabatic
approximation, valid for J  |t|, makes the electron spin collinear with the direction of the
magnetic structure. This would lead to a cos θ dependence, which is the first term in the
x  1 expansion. The expansions were carried out up to the first term with the angular
dependence of the scalar chirality, Eq. (24).
The orbital moments can then be shown to be simply related to the spin moments:
MPa = Mmax
MSa + 1
2
, MPb = Mmax
MSb − 1
2
, MPc = −MmaxMSc , (32)
with Mmax =
√
3 |t| the maximum value of the orbital magnetic moment for this model.
First let us consider the case of the magnetic exchange dominating the kinetic energy,
i.e. J  |t|, allowing a comparison with the adiabatic approximation. Fig. 3 displays the
results for t = 1 and J = 3 (x = 1/2). The eigenenergies form two groups, separated by the
exchange splitting 2J , as seen in Fig. 3(a). The magnetic noncollinearity effectively reduces
the kinetic energy, evidenced by the shrinking ‘bandwidth’ of each group when going from
9
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FIG. 3. Trimer with one orbital per site and a noncollinear magnetic structure, Eq. (22), in
the strong exchange coupling regime, t = 1 and J = 3 (x = 1/2). (a) Eigenenergies, Eq. (29).
(b) Spin magnetic moment of each eigenstate, Eq. (31). (c) Orbital magnetic moment of each
eigenstate, Eq. (32). The magnetic structures are defined by Eq. (23) and illustrated in Fig. 1(b).
The curves are labelled with the states for F↑ taken as reference: the color labels the value of MP;
solid lines and dashed lines indicate the sign of MS. The following combinations of eigenstates are
also plotted: (λ) = (aλ) + (bλ) + (cλ), with λ = ±.
the F↑ structure to the N structure. Fig. 3(b) shows the spin magnetic moments. The spin
moments for the eigenstates labelled (c) follow perfectly the adiabatic approximation, seen as
the linear behavior, while those for the eigenstates labelled (a) and (b) show deviations from
the linear behavior. Fig. 3(c) shows the orbital magnetic moments. For the F↑ structure,
the eigenstates for each spin projection are decoupled and are just the ring states previously
discussed, with the same orbital moments. The variation of the orbital moments with the
magnetic structure reveals the presence of the emergent magnetic field that it generates.
Going from F↑ to N, we arrive at a new energy degeneracy. Comparison of the evolution of
the curves with those in Fig. 2 lets us assign ΦB/Φ0 = −1/2 to the eigenstates evolving from
spin-up, and ΦB/Φ0 = +1/2 for those evolving from spin-down. The net orbital moment is
zero for the ferromagnetic structures, but not for the noncollinear ones. To illustrate this,
we sum all the contributions corresponding to the + and − bands, which corresponds to
placing three electrons in the three upper or lower eigenstates, see Fig. 3(a). The average
spin for these combinations follows the magnetic structure almost linearly, see Fig. 3(b),
the behavior expected in the adiabatic limit. From Fig. 3(c) we observe that the average
orbital moments are indeed zero for the F endpoints and for the N structure, but are finite
for the noncollinear structures. A comparison with the x  1 expansion in Eq. 31 shows
that MP± ∝ C(θ), the scalar spin chirality, to leading order.
Next consider the case of the magnetic exchange being comparable to the kinetic energy,
i.e. J ∼ |t|. Fig. 4 displays the results for t = 1 and J = 1 (x = 3/2). As 2J < 3t, the
eigenergies for spin-up and spin-down overlap, see Fig. 4(a). Comparing with the previous
case, we see that the ordering of the states for F↑ has changed, as indicated by the sequence
of colors in the figure. This has a dramatic impact on the behavior of the magnetic moments,
Fig. 4(b,c). On the one hand, the eigenstates labelled (c) still follow the linear behavior.
On the other hand, both the spin and the orbital moments for the eigenstates labelled (a)
and (b) are only weakly modified by the magnetic structure. This has a simple explanation:
the ring states coupled in Hc are degenerate in energy for J = 0, and so the coupling to the
magnetic structure is always non-perturbative, whileHa andHb each couple states split by 3t
10
(a) (b) (c)
F↑ N F  ↑
cosθ
-2
0
2
E ξ
Ea+
Eb+
Ec+
Ea−
Eb−
Ec−
E+
E−
F↑ N F  ↑
cosθ
-1
0
1
M
Sξ
Ma+
Mb+
Mc+
Ma−
Mb−
Mc−
M+
M−
F↑ N F  ↑
cosθ
-1
0
1
M
Pξ
 / 
M
ma
x
Ma+
Mb+
Mc+
Ma−
Mb−
Mc−
M+
M−
FIG. 4. Trimer with one orbital per site and a noncollinear magnetic structure, Eq. (22), in the
weak exchange coupling regime, t = 1 and J = 1 (x = 3/2). (a) Eigenenergies, Eq. (29). (b) Spin
magnetic moment of each eigenstate, Eq. (31). (c) Orbital magnetic moment of each eigenstate,
Eq. (32). The magnetic structures are defined by Eq. (23) and illustrated in Fig. 1(b). The curves
are labelled with the states for F↑ taken as reference: the color labels the value of MP; solid
lines and dashed lines indicate the sign of MS. The following combinations of eigenstates are also
plotted: (+) = (c+) + (c−) and (−) = (a+) + (a−) + (b+) + (b−).
for J = 0, and so the exchange coupling has only a perturbative effect. To visualize whether
there is a net orbital moment also in this case, we sum all the contributions corresponding
either to the four lower or to the two higher eigenstates, see Fig. 4(a). Although the net
spin moment is zero for the F and N structures, surprisingly it acquires a finite value for
the noncollinear structures, see Fig. 4(b). Fig. 4(c) shows that the net orbital moment
has a similar behavior. A comparison with the x  1 expansion in Eq. 31 shows that
MP± ∝MS± ∝ C(θ), the scalar spin chirality, to leading order.
We have thus seen how a noncollinear magnetic structure can lead to orbital magnetic
effects in the absence of the RSOI. The impact on the electronic structure depends crucially
on whether the states which become coupled by the magnetic exchange are initially degen-
erate in energy or not. For the former the adiabatic approximation is always valid, while for
the latter the exchange coupling must overcome the difference in kinetic energy between the
states for it to have a strong influence. The picture is also very difference if each eigenstate
is considered by itself or if a group of eigenstates is considered together. In the next section
the RSOI is introduced in the model, and its consequences analyzed.
V. INTERPLAY BETWEEN NONCOLLINEAR MAGNETISM AND THE REL-
ATIVISTIC SPIN-ORBIT INTERACTION
We extend our model one final time, by taking the orbital character of the electrons on
every site into account. Following Ref. 27, we consider two d-orbitals to be present on every
site, namely |xy〉 and |x2−y2〉, assumed to be initially degenerate in energy. We shall work
with their complex counterparts, which are eigenstates of Lz:
|±〉 = 1√
2
(|x2−y2〉 ± i |xy〉) , Lz |±2〉 = ±2 |±2〉 . (33)
The RSOI in atomic form reduces to L·σ = Lz σz, as the other angular momentum operators
vanish when restriced to these two orbitals. To label the states, we make the identifications
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+2 = 	 and −2 = .
However, the kinetic hamiltonian now has to describe the directionality of the orbitals.
For zero magnetic field, the hopping matrix in either the real or complex basis is given by
tij |x2−y2〉 |xy〉
〈x2−y2| t (1 + cos γij) t sin γij
〈xy| t sin γij t (1− cos γij)
or
tij |	〉 |〉
〈	| t t e−iγij
〈| t eiγij t
, (34)
where γij/4 is the angle between the bond and the x-axis. We have γij = γji (mod 2pi),
and γ12 = 0, γ23 = 2pi/3 and γ31 = −2pi/3. This encompasses the fourfold symmetry of the
orbitals, and their directionality. For example, if two orbitals are along the x-axis, hopping
can only occur if they are both of |x2−y2〉 type. We can encode the action of the hopping
matrix on the orbitals using a new set of Pauli matrices τµ (to be distinguished from the
ones used for spin),
tij = |t| eiχijα
(
τ0 + e
−iγijτ+ + eiγijτ−
)
= t†ji , (35)
where the magnetic field was restored via the Peierls phase, see Eq. (18).
Our basis states are the tensor product of the ring states k = 0,±1, of the two orbitals
m = ±2, and of the spinors s = ±1:
|kms〉 = 1√
3
(
|1ms〉+ ei 2pik3 |2ms〉+ e−i 2pik3 |3ms〉
)
. (36)
These basis functions are ideal to describe time-reversal symmetry breaking: the time-
reversed counterpart of each basis state is T |kms〉 = −s |−k−m−s〉, which corresponds
to reversing translational, orbital and spin motions, i.e., reversing each of the variables
describing the state of motion. The action of the hamiltonian can then be separated into
a diagonal part (that leaves the basis state unchanged), and different kinds of off-diagonal
terms, according to what change they effect on the basis state.
The diagonal part of the hamiltonian is
H0 = tR0 + t¯R†0 + Jz σz + ξ τz σz +B τz . (37)
The new terms are the RSOI (ξ term), and the orbital Zeeman coupling (B term). This
part of the hamiltonian acts on a basis state as, recalling Eq. (15),
H0 |kms〉 =
(
Ek + s Jz + sgn(m) (s ξ +B)
) |kms〉 . (38)
We have already seen from the previous section that there are two terms that exchange spin
angular momentum and ring momentum,
HS± = J⊥R∓ σ± , HS± |kms〉 = J⊥ |k∓1ms±1〉 . (39)
These terms led to the spin-orbit interaction generated by the noncollinear magnetic struc-
ture. The remaining piece of the kinetic term generates two terms that exchange orbital
angular momentum and ring momentum,
HL± =
(
tR0R∓ + t¯R∓R†0
)
τ± , (40)
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recall Eq. (16), with the result
HL± |kms〉 =
(
t e−i
2pi(k∓1)
3 + t¯ ei
2pik
3
)
|k∓1m±2 s〉 = Ek±1 e∓i 2pi3 |k∓1m±2 s〉 , (41)
according to the definition in Eq. (15). This might be called an orbit-orbit interaction, as
the translational motion and the local orbital motion are coupled.
Our hamiltonian can now be written as initially presented in Eq. (7),
H = Hkin +Hmag +Hsoi = H0 +HS+ +HS− +HL+ +HL− , (42)
and represents a 12× 12 matrix, composed of three 4× 4 blocks. The basis states that can
be coupled by the hamiltonian are limited by (HS±)2 |kms〉 = 0 and (HL±)2 |kms〉 = 0, as
the spin and the atomic angular momentum cannot be raised or lowered more than once.
We then have the following chain of coupled states:
|k−1	 ↑〉 −→
HL−
|k ↑〉 −→
HS−
|k+1 ↓〉 −→
HL+
|k	 ↓〉 −→
HS+
|k−1	 ↑〉 . (43)
The three blocks are generated by the three possible starting values of k, and can be orga-
nized as follows: Ha couples |0	 ↑〉, |+1 ↑〉, |+1	 ↓〉, and |−1 ↓〉; Hb couples |+1	 ↑〉,
|−1 ↑〉, |−1	 ↓〉, and |0 ↓〉; and Hc couples |−1	 ↑〉, |0 ↑〉, |0	 ↓〉, and |+1 ↓〉. The
matrix elements for these blocks have the form
Hξ |k−1	 ↑〉 |k ↑〉 |k	 ↓〉 |k+1 ↓〉
〈k−1	 ↑| Ek−1 + Jz + ξ +B Ek+1 e−i 2pi3 J⊥ 0
〈k ↑| Ek+1 ei 2pi3 Ek + Jz − ξ −B 0 J⊥
〈k	 ↓| J⊥ 0 Ek − Jz − ξ +B Ek−1 e−i 2pi3
〈k+1 ↓| 0 J⊥ Ek−1 ei 2pi3 Ek+1 − Jz + ξ −B
.
(44)
The case of a noncollinear magnetic structure is analytically cumbersome, as the hamilto-
nian blocks are 4× 4 matrices. If the magnetic exchange is much stronger than all the other
terms, we can adopt the frequently used adiabatic approximation.12 The spin projectors that
diagonalize the magnetic exchange interaction are (see Appendix A)
P± =
1
2
(
σ0 ± (cos θ σz + sin θ σx)
)
. (45)
As the results for s = −1 can be obtained from those for s = +1 by the replacements
J → −J and cos θ → − cos θ, we set s = +1 and drop the spin label in the following.
Tracing over the spin components, we define an effective hamiltonian by
H˜ξ = 〈+|Hξ|+〉 = TrP+Hξ = Hξ,↑↑ +Hξ,↓↓
2
+
(
cos θ
Hξ,↑↑ −Hξ,↓↓
2
+ sin θ J⊥
)
τ0 , (46)
which can be written using the orbital Pauli matrices as
H˜ξ = J τ0 + 1
4
((
Ek −
√
3Mk cos θ
)
τ0 −
(√
3Mk + 3Ek cos θ − 4 (ξ cos θ +B)
)
τz
)
− 1
2
(
Ek −
√
3Mk cos θ
)(
e−i
2pi
3 τ+ + e
i 2pi
3 τ−
)
. (47)
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The only role played by J is to define the energy zero, so we will also set J = 0 from now
on.
The eigenergies for the effective hamiltonian blocks H˜ξ are
Eξ =
1
4
(
Ek −
√
3Mk cos θ ± |t|
√
Dξ
)
, (48)
with the discriminants
|t|2Dξ =
(√
3Mk + 3Ek cos θ − 4 (ξ cos θ +B)
)2
+ 4
(
Ek −
√
3Mk cos θ
)2
. (49)
The orbital moments can be decomposed into two contributions (taking B and α to be
independent),
Mξ =
∂Eξ
∂B
− ∂Eξ
∂α
= MLξ +MPξ . (50)
MLξ is the atomic orbital moment, stemming from the orbital Zeeman interaction, and
signals the broken symmetry under reversal of the local orbital motion (TL). In the previous
section we already encountered MPξ, the contribution to the orbital motion from the currents
circulating around the trimer. In the adiabatic approximation MSξ = cos θ by construction,
so it does not merit further consideration.
For α = B = 0 and setting y = 4 ξ/|t|, we obtain the eigenergies
Ea± =
|t|
4
(
−1 + 3 cos θ ±
√
13− 6 (1− y) cos θ + (45 + 6 y + y2) cos2 θ ) , (51a)
Eb± =
|t|
4
(
−1− 3 cos θ ±
√
13 + 6
(
1− y) cos θ + (45 + 6 y + y2) cos2 θ ) , (51b)
Ec± =
|t|
4
(
2±
√
16 +
(
6− y)2 cos2 θ ) . (51c)
The atomic orbital moments are
MLa± = ±(y + 3) cos θ + 3√
Da
, MLb± = ±(y + 3) cos θ − 3√
Db
, MLc± = ±(y − 6) cos θ√
Dc
.
(52)
ML tells us about the atomic orbital character of an eigenstate. A positive sign indicates 	,
a negative one , and if it vanishes it has an equal amount of each character.
The orbital moments arising from the circulating currents are (recall Mmax =
√
3 |t|)
MPa± = −Mmax
4
(
cos θ + 1± −1 + (2 + y) cos θ + 3 (1− y) cos
2 θ√
Da
)
, (53a)
MPb± = −Mmax
4
(
cos θ − 1± +1 + (2 + y) cos θ − 3 (1− y) cos
2 θ√
Db
)
, (53b)
MPc± =
Mmax
2
(
1± 2 + y√
Dc
)
cos θ . (53c)
They can be used to characterize the translational motion, as in Sec. III. For a ferromagnetic
structure, MP/Mmax ≈ ±1 can be associated with k = ∓1, and MP/Mmax ≈ 0 with k = 0.
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FIG. 5. Trimer with two orbitals per site and a noncollinear magnetic structure in the adiabatic
approximation, Eq. (47), and with no relativistic spin-orbit interaction (t = 1 and ξ = 0). (a)
Eigenenergies, Eq. (51). (b) Atomic orbital magnetic moment, Eq. (52). (c) Orbital magnetic
moment arising from the circulating currents, Eq. (53). The magnetic structures are defined by
Eq. (23) and illustrated in Fig. 1(b). The curves are labelled with the states for F↑ taken as
reference: the color labels MP, similarly to Mk in Fig. 2(b); solid lines and dashed lines indicate
the sign of ML. The following combinations of eigenstates are also plotted: (λ) = (aλ)+(bλ)+(cλ),
with λ = ±.
Note that there is no simple relation between ML and MP, in contrast to the results of the
previous section.
Now that the analytical expressions have been derived, let us explore the physics. We
begin by examining what happens when the RSOI is turned off (ξ = 0), with the results
gathered in Fig. 5. Consider first the ferromagnetic structures. There are two pairs of
degenerate eigenenergies, and another is non-degenerate, see Fig. 5(a). They can be charac-
terized by their atomic orbital moments, Fig. 5(b), and by their translational motion MP,
Fig. 5(c). The degenerate eigenstates have strong 	 or  orbital character (ML ≈ 1 or −1,
respectively), and k = ±1 character (MP/Mmax ≈ ∓0.5). The non-degenerate eigenstates
are orbitally mixed (ML = 0), with k = 0 character (MP = 0). There is overall no net orbital
magnetic moment, as non-degenerate eigenstates have zero orbital moment, and degenerate
ones have orbital moments with opposite values, thus cancelling out. As already seen in the
simpler model of Sec. IV, the noncollinear magnetic structures lift the energy degeneracies
and modify the orbital moments of each eigenstate, enabling a net orbital moment without
the RSOI being present. To illustrate this, we sum all the contributions corresponding to
the + and − bands, which corresponds to placing three electrons in the three upper or lower
eigenstates. There is a net atomic orbital moment, see Fig. 5(b), with a C(θ)-like angular
dependence (Eq. (24)), but no net current, see Fig. 5(c).
We finally bring the RSOI into play. If it is weak when comparing to the kinetic hopping,
ξ  |t|, the picture is qualitatively similar to the previous one. One major difference is that
it lifts the energy degeneracies in the ferromagnetic structures, thus allowing net orbital
moments. This is the well-known role of the RSOI in ferromagnetic systems. We focus on
the opposite limit, ξ  |t|, to see how it counteracts the kinetic term. The results for ξ = 5
and t = 1 are shown in Fig. 6. In the adiabatic approximation, the RSOI is projected onto
the local magnetization direction. Combined with our choice of orbitals, this results in a
simple cos θ dependence, as seen in Eq. (47). All the results show the same behavior, except
for a small window around the Ne´el magnetic structure, where cos θ = 0, and the kinetic
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FIG. 6. Trimer with two orbitals per site and a noncollinear magnetic structure in the adiabatic
approximation, Eq. (47), and with strong relativistic spin-orbit interaction (t = 1 and ξ = 5).
(a) Eigenenergies, Eq. (51). (b) Atomic orbital magnetic moment, Eq. (52). (c) Orbital magnetic
moment arising from the circulating currents, Eq. (53). The magnetic structures are defined by
Eq. (23) and illustrated in Fig. 1(b). The curves are labelled with the states for F↑ taken as
reference: the color labels MP, similarly to Mk in Fig. 2(b); solid lines and dashed lines indicate
the sign of ML. The following combinations of eigenstates are also plotted: (λ) = (aλ)+(bλ)+(cλ),
with λ = ±.
term becomes important. The eigenenergies are thus linear in cos θ, Fig. 6(a), and the atomic
orbital moments are almost saturated to the atomic limit, see Fig. 6(b). The ξ  t limit
also modifies how the electrons move around the trimer, revealed in the behavior of MP,
Fig. 6(b). For the ferromagnetic structures we find values close to those of the model without
orbital dependence, MP/Mmax ≈ 0,±1, compare with Fig. 3(b), and a linear departure from
those values when the magnetic structure departs from the ferromagnetic ones. In this limit
the trimer approximately decouples into two separate orbital channels, each behaving as
described in Sec. IV. When the magnetic structure is close to the Ne´el structure, there is
some subtle behavior. To illustrate this, we sum all the contributions corresponding to the
+ and − bands, which corresponds to placing three electrons in the three upper or lower
eigenstates. The average atomic orbital moment is featureless, see Fig. 6(b), but the net
current changes sign before vanishing at the N structure, see Fig. 6(c).
VI. DISCUSSION AND CONCLUSIONS
In this paper we discussed a sequence of related models for a trimer, to ascertain how
magnetic noncollinearity leads to orbital magnetism, even in the absence of the usual RSOI.
The simplest model was introduced in Sec. III, and an external magnetic field was used to
define the orbital magnetic moment arising from currents circulating around the trimer. It
was augmented with the spin degrees of freedom in Sec. IV, and a family of noncollinear
magnetic structures was found to lead to the same kind of orbital moment, even without an
external magnetic field. The model was finally endowed with orbital degrees of freedom in
Sec. IV, enabling the appearance of the RSOI. The adiabatic approximation was adopted,
and the competition between the bond-forming tendencies of the orbital-dependent hopping,
and the favoring of current-carrying states by the magnetic noncollinearity and the RSOI
was analyzed.
Trimer-like structures have been considered in the seminal work of Ref. 18 (J  |t|)
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and of Refs. 19–21 (J  |t|), where the appropriate limits of our model are indicated.
Those works established the scalar spin chirality C(θ), see Eq. 24, as the smoking gun of
the non-RSOI-driven orbital effects. It vanishes for ferromagnetic structures and for the
triangular antiferromagnetic Ne´el structure. Our results show that the orbital magnetism
of an individual eigenstate is not proportional to C(θ) (for instance, some have a pure cos θ
dependence), but that considering a full ‘shell’ or ‘band’ does yield this angular dependence,
both in the J  |t| and in the J  |t| limits. We thus expect partial electron fillings to
lead to non-C(θ) angular behavior, as we already found in DFT calculations for magnetic
trimers.27
We also analyzed separately the behavior of the two contributions to the orbital magnetic
moment, the atomic one and the one due to circulating (bound) currents. The former is
derived from the atomic orbital Zeeman interaction, while the latter follows from the Peierls
phase acquired by the hopping amplitudes. In general such a separation is also possible,
as established by the modern theory of orbital magnetization.45,46 They give access to two
aspects of the persistent (bound) current flowing around the trimer: whether it swirls locally
around each atomic site (the local orbital moment), and whether there is a net current
circulating around the trimer (the nonlocal orbital moment). Our previous work in Ref. 27
focused on the atomic orbital moment in trimers but also in a skyrmion lattice, where a
topological contribution was identified, and found to be separable from the RSOI-driven
one. As this arose from the magnetic noncollinearity being of a special type for a skyrmion,
as encoded in its topological charge,2 we expect that also the nonlocal orbital moment
of skyrmions should also contain such a topological contribution.30 The orbital magnetic
moment can be measured independently of the spin magnetic moment with x-ray magnetic
circular dichroism,47–49 and there is a theoretical proposal for how to separate the local and
nonlocal contributions to the orbital moment.45
Recent advances in atomic scale manipulation with the tip of a scanning tunneling micro-
scope have enabled a` la carte assembly of magnetic nanostructures, including trimers.50–52
The several physical regimes explored in our model can be realized experimentally: the in-
terplay between J and |t| can be tuned by changing the separating between the magnetic
atoms, or by assembling them on metallic or (semi-)insulating surfaces, while the strength
of the RSOI, ξ, can be manipulated by choosing a surface with strong RSOI, or by work-
ing with heavy magnetic atoms.53 Detection of the orbital magnetism at the atomic scale
remains challenging, but recent progress in very sensitive magnetometers utilizing nitrogen
vacancies in nanodiamonds might open a way forward.54
For a long time the experimental and theoretical study of the orbital magnetic moment
has been neglected in favor of its spin counterpart. This is natural, as the spin moment
in most cases determines most of the total magnetic moment in a solid, and the magnetic
structures and dynamics are governed by the interatomic spin exchange interactions. Orbital
interactions are well-known to be important for transport measurements, as can be seen
from the large family of Hall effects. The recent focus on the coupling between the itinerant
electrons and the spin moments, described by emergent electromagnetic fields, is part of
that.2,10 We hope that our work helps bringing the humble orbital magnetic moment back
to the limelight.
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Appendix A: Eigenvectors for the two-dimensional problem
We wish to diagonalize the following matrix with real parameters w, x, y and z,
A =
(
a+ bz bx − i by
bx + i by a− bz
)
= a σ0 + b · σ . (A1)
The eigenvalues and the associated eigenspace projectors are then
λ± = a±
√
b · b , P± = 1
2
(
σ0 ± b · σ√
b · b
)
. (A2)
The corresponding eigenvectors can be parametrized as
|+〉 =
(
c
eiϕs
)
, |−〉 =
(−e−iϕs
c
)
, (A3)
with
c =
√
1 + cos θ
2
, s =
√
1− cos θ
2
, (A4)
and the angles
cos θ =
bz√
b · b , θ ∈ [0, pi] , tanϕ =
by
bx
∈ [0, 2pi] . (A5)
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